Abstract-Multicolor optical solitons mediated by quadratic nonlinearities have been observed experimentally during the last few years in a variety of materials and geometries in a number of laboratories around the world. Today, many of the basic properties of the corresponding soliton families are theoretically well established. Nevertheless, experiments continuously reveal new surprises, and the topic is entering new theoretical and experimental territories. In this paper, we briefly outline the key features of the quadratic solitons and overview the latest developments.
I. INTRODUCTION
T HE EXPERIMENTAL demonstration in 1995 of spatial soliton formation mediated by parametric wave interactions in crystals with quadratic nonlinearities [1] , [2] , which were theoretically predicted for the first time in the 1970s [3] , opened a whole new area of possibilities in soliton science and its applications. For many years, second-order or quadratic nonlinearities were typically associated only with optical phenomena and devices aimed at the frequency conversion of laser light, with applications in optical disks, biophotonics, optical radar, remote sensing, or spectroscopy. A crucial indication of the existence of much richer opportunities was the proper appreciation of the importance of the concept of cascading [4] , where cross-induced energy and phase shifts acquired by multiple light waves that parametrically interact in a material with a quadratic nonlinearity are exploited to perform all-optical operations on the signals. Therefore, such energy and phase shifts can also be used to dynamically counteract the spreading caused by diffraction and by group-velocity dispersion, thus forming a self-sustained, localized, nonspreading light packet; i.e., a soliton, or more properly, a solitary wave.
The importance of quadratic solitons is twofold. First, by their very nature, they come as clean, robust, stabilized, particle-like light pulses and beam spots. Thus, they offer potentially unique opportunities in a variety of passive and active, single-pass or cavity, multifrequency photonic systems which can benefit from such features. Second, they constitute a truly unique laboratory for soliton phenomena. Quadratic solitons exist in the spatial and the temporal domains; they exist and are stable and robust in guided and bulk geometries in any physical dimensions, including settings adequate for the formation of three-dimensional (3-D) light bullets. They exist in continuous, as well as in discrete, physical settings, and they are the realization of a universal phenomenon in nature-namely, the nonlinear parametric mixing of coherent waves.
Since their first experimental observation, quadratic solitons have been demonstrated in a variety of materials and geometries in a number of laboratories around the world. Spatial, temporal, and spatio-temporal solitons have been observed experimentally in second-harmonic generation (SHG) and in parametric generation and amplification schemes. Whole families of solitons existing in waveguides and in bulk geometries are known, including those existing in settings with a small Poynting vector walk-off and/or group velocity mismatch. Under conditions where modulational instabilities cannot grow, and with the exception of narrow regions near the cutoff conditions for soliton existence, such families of stationary solitons have been shown to be stable under propagation and robust against different perturbations.
Therefore, today many of the basic properties of the quadratic solitons are well established, and they have been reviewed in detail by several authors [5] - [15] . A comprehensive review of the existence and mathematical properties of different possible types of stable and unstable solitary wave solutions (bright, dark, vortex, gap; continuous, discrete; etc.) and a critical review of the early experimental observations has been reported recently by Buryak et al. [15] . Nevertheless, there are plenty of theoretical predictions that are being continuously confirmed experimentally, new experiments reveal new surprises, and the topic is entering new theoretical and experimental territories. In this paper, we briefly overview the key features of the quadratic solitons and focus our main attention on some of the latest developments. We refer to the several reviews mentioned above for detailed mathematical models and to [14] for additional recent experimental progress not included here.
II. BASIC PROPERTIES
Quadratic solitons form by the mutual trapping and locking of multiple-frequency waves. The simplest case corresponds to the process of SHG or optical parametric generation (OPG), where a fundamental frequency wave and its second-harmonic generate each other. The resulting soliton contains both the fundamental and harmonic fields, which in the simplest case exhibit a classical bell-shape. Therefore, in contrast to their cubic, Kerr-type, and photorefractive cousins, quadratic solitons are intrinsically multicolored.
Solitons form when the material and light propagation conditions inside the quadratic nonlinear crystal are set so that the diffraction and dispersion lengths that measure the spreading of the beams and pulses, and the nonlinear length that measures the strength of the frequency conversion process, are comparable. In real units, the energy flow required for quadratic spatial soliton formation scales as , where is the wavelength, is the effective second-order material nonlinear coefficient, and is the beam width. An analogous scaling holds for temporal solitons.
Ideally, once a soliton has been generated, the energy exchange between the waves that parametrically interact in the crystal ceases, and the envelopes of all waves are phase-locked, regardless the existing material wave vector mismatch. Thus, two key parameters that dictate the formation of quadratic solitons are the light intensity and the existing material wave vectormismatch between the multiple frequency waves. Whole families of solitons exist above a threshold light intensity for all values of the mismatch. A sketch of how the existence threshold depends on the mismatch is shown in Fig. 1 for the case of single-spot bright spatial solitons propagating in bulk media under conditions of type-I SHG/OPG [16] - [18] . The families of three-wave solitons that exist in type-II phase-matching geometries and in sum and frequency mixing processes are richer than their type-I counterparts [19] , but the main features hold in both cases. Almost all members of such soliton families have been proven to be stable under propagation, and many of them have also been found to be robust against perturbations.
However, soliton existence does not guarantee soliton generation. Because quadratic solitons are multiple-wave entities, an obvious but crucial point which is not always properly appreciated is that arbitrary input signals are not necessarily close to the stationary solutions of the governing equations. On the contrary, in the majority of cases, solitons are excited with inputs signals which fall far from those solutions indeed. For example, such is the situation when only one of the participating wavelengths Fig. 2 . Calculated soliton content of CW beams with a Gaussian shape versus the wave vector mismatch in a type-I SHG/OPG configuration with a typical input power, in conveniently normalized units. Empty circles: up-conversion, with only a fundamental frequency input beam. Filled circles: down-conversion, with a strong pump second-harmonic beam and a negligible fundamental frequency seed inputs. Diamonds: both fundamental and second-harmonic beams, coherent, in-phase, and with equal powers are assumed to be input into the crystal. The vertical dashed lines show the domain of soliton existence for the total input power considered. The power is set to the same value in all cases. In real units, e.g., in PPLN, it corresponds to a few kilowatts. (Adapted from [20] and [21] .) is input into the crystal. Therefore, suitable conditions must be employed in each particular setting for the members of the existing soliton families to be actually, and efficiently, generated. The ultimate goal is the determination of the soliton content, or soliton generation efficiency, namely the fraction of input energy that is carried by the generated solitons, of arbitrary input light conditions [20] , [21] . Fig. 2 shows typical theoretical predictions, awaiting experimental confirmation, of the trends expected with Gaussian-shaped input beams in up-conversion and down-conversion processes, as a function of the material wave vector-mismatch.
One of the key properties of quadratic solitons is the energy sharing amongst the mutually trapped multicolor signals, depending on the total energy that they carry and on the existing material mismatch [22] . Fig. 3 illustrates the point. Such energy partition greatly impacts the overall soliton properties at positive and negative wave vector-mismatch, and in particular, it impacts the outcome of the experimental excitation of solitons with single-frequency pump light. For example, drastically different pump energy thresholds for soliton formation and for soliton generation efficiencies are encountered in up and down-conversion processes, as visible in Fig. 2 (see [23] and [24] for related experimental observations).
Quadratic solitons are able to counteract the spatial and temporal linear walk-off existing between the multiple signals needed to form the solitons. In that case the beams or pulses lock together and propagate stuck to each other in a single light packet, termed a walking soliton, which in general features a curved wave front or a chirp phase and that offers many potential opportunities for soliton steering and gating [25] - [28] .
An important point that must be stressed is that even though under appropriate-and often interesting-conditions, some quadratic solitons can be regarded as perturbed cubic-type solitons, this is not the general case. In particular, quadratic [21] and [22] .) nonlinearities are often viewed as simply perturbed self-focusing, or self-defocusing, Kerr-like nonlinearities at either side of phase matching, respectively. Such intuitive picture holds under appropriate conditions (e.g., SHG with negligible depletion of the fundamental frequency wave and thus a weak second harmonic), but must be used with caution otherwise. Actually, most of the quadratic solitons of highest interest occur near phase matching or under conditions where all the multicolor waves required to form a soliton participate on a similar footing in the parametric wave interaction. Such solitons do not comply with the simple self-focusing/self-defocusing picture mentioned above, and rather they exhibit genuinely quadratic features.
III. EARLY EXPERIMENTAL DEMONSTRATIONS
The ingredients employed in routine SHG of focused laser light suffice to form the simplest types of quadratic solitons. The recipe requires the use of high peak-power pulsed laser sources and a material with a reasonable nonlinear coefficient that makes it possible to reach the soliton regime before arriving at the damage threshold. These conditions were satisfied in the schemes employed by Torruellas, Schiek, Stegeman, and coworkers to observe multicolor solitons for the first time in 1995 [1] , [2] . The observations where conducted by pumping a few centimeter-long pieces of potassium titanyl phosphate (KTP) and of lithium niobate (LN), respectively, cut for phase matching at the wavelength (1064 nm in [1] and 1320 nm in [2] ) delivered by a mode-locked Nd : YAG laser emitting pulses a few tens of picosecond long (35 ps in [1] and 90 ps in [2] ). With low peak powers, the infrared beams generate second-harmonic light and both beams diffract. However, when the input peak power reaches a given threshold, the beams no longer diffract and a bright soliton is excited. Such soliton signature is clearly visible in Fig. 4 , which displays data acquired in the original experiments by Torruellas et al. The clear contrast between a soliton and nonsoliton output is also readily appreciated in Fig. 5 , which corresponds to the recent observation by Kim et al. of solitons in a bulk piece of periodically poled KTP [29] . Spatial and temporal quadratic solitons are described by similar equations, but their experimental formation faces different challenges. The main difficulties encountered to form temporal quadratic solitons are the small group-velocity dispersion exhibited by the known suitable transparent materials with large quadratic nonlinearities, together with the large group-velocity mismatch experienced by the signals needed to form a soliton. Such difficulty was overcame by Di Trapani et al. by using achromatic phase-matching, or tilted-pulse techniques, to observe self-narrowing of sub-picosecond pulses in -barium borate (BBO), consistent with temporal soliton excitation [30] . Subsequently, Wise et al. used the same techniques to observe the formation of two-dimensional (2-D) spatio-temporal soliton formation [31] over several characteristic lengths in BBO and in lithium iodate, and to show the potential of the corresponding light-packets in ultrafast digital logic schemes [32] . Fig. 6 shows the spatio-temporal narrowing of the pulses-beams that was observed. All the above mentioned experiments were conducted under conditions of large phase-mismatch.
On physical grounds, tilted pulse techniques translate the spatial dynamics of a highly elliptical beam into effective group-ve- [31] and [32] .) locity dispersion and group-velocity delay of a temporal pulse, i.e., they translate dynamics in one spatial dimension to dynamics in the temporal dimension. Thus, in their present form they cannot be employed to form fully 3-D light bullets. Therefore, new concepts, such as the so-called X-pulses, are currently under investigation to generate spatio-temporal trapping of light [33] , [34] .
IV. RECENT DEVELOPMENTS
Quadratic solitons of different dimensionality and nature have been observed in a variety of materials in several laboratories around the world. Scientists are thus now able to form quadratic solitons in many physical configurations, opening the door to the detailed experimental exploration of their properties and features.
For example, when quadratic solitons are excited with only one of the participating wavelengths input into the crystal, the inputs adjust themselves by shedding radiation to form a soliton. For a given input power, there is a finite range of phase mismatch for soliton formation. As shown in Fig. 2 , the allowed band is asymmetric and notably different for up-conversion and down-conversion processes; the higher the input power, the larger the mismatch range accessible. However, such is not necessarily the case for the energetic efficiency of soliton formation. In recent experiments by Lopez-Lago et al., such efficiency has been measured in detail as a function of the input light power [35] . The experiments were conducted under conditions of SHG in a 2-cm-long bulk KTP crystal cut for type-II phase matching at 1064 nm. To measure the soliton content of input Gaussian beams, a combination of a knife-edge method and specific data processing techniques were employed. One of the central results that was obtained is shown in Fig. 7 . Above an optimum input power, the fraction of input power captured by the excited soliton saturates. At phase matching, the saturation level amounts to about 50%. The other half is shed away in the form of radiation. The dependence of the soliton trapping efficiency with the mismatch is currently under experimental investigation in bulk samples made of periodically poled KTP. Several methods aimed at the enhancement of the mismatch bandwidth for soliton excitation, such as the use of properly tailored quasiphase-matched synthetic gratings [36] , have been theoretically explored during the last few years, and remain to be experimentally tested.
Crystals with large quadratic coefficients might also exhibit significant cubic nonlinearities, which under appropriate conditions can make relevant contributions to the spatial dynamics of optical beams. The impact of competing quadratic and cubic nonlinearities on solitons has been extensively studied theoretically (see [37] - [39] and references therein). Nevertheless, in the typical conditions suitable for soliton formation under conditions of near-phase-matched SHG, the quadratic nonlinearity has been dominant making effects due to the cubic contributions difficult to detect experimentally. In contrast, in recent downconversion experiments conducted by Carrasco et al., self-narrowing of light beams which must be attributed to Kerr nonlinearities and two-photon-absorption at green wavelengths in KTP was observed [40] . The experiments were conducted in a special cut of KTP for type-II SHG in the plane (instead of the customary plane), where the walk-off angle between the orthogonally-polarized fundamental frequency waves amounts to a large , and the quadratic nonlinear coefficient involved is relatively small. The large walk-off and the small quadratic nonlinearity make soliton generation impractical, even of the walking type, and render the strength of the quadratic effects small. Thus, the cubic terms, which included significant two-photon-absorption, dominated the light evolution. However, notice that the observations do not correspond to the excitation of solitons supported by competing nonlinearities, but only to the transient self-narrowing of the input beam.
In this context, a potentially important method to generate engineerable competing quadratic and cubic nonlinearities in settings where frequency conversion is accompanied by optical rectification has been recently put forward theoretically by Torres et al. [41] . The scheme is based on the full exploitation of the geometrical conditions that determine the magnitude of the rectified fields, and translates different orientations of an elliptical pump beam into tunable competing nonlinearities. The scheme which may pave the way to the formation of solitons supported by competing nonlinearities is awaiting experimental confirmation.
The potentially detrimental effects introduced by, e.g., the presence of a moderate spatial or temporal walk-off or spatial soliton generation with short pulses, have been also theoretically addressed. The question of spatial soliton formation with pulsed light deserves special attention [42] . Rigorously speaking, spatial solitons are self-trapped beams formed with continuous wave light signals. However, because of the high peak-powers, at the 10s kW scale, required to form quadratic solitons with feasible crystal lengths in the existing suitable materials, in practice spatial solitons are generated using pulsed laser light. To avoid crystal damage and thermal effects, mode-locked laser sources delivering picosecond, and even subpicosecond pulses are required, depending on the material and laser repetition rate employed. When long enough pulses (typically, a few tens of a picosecond long) are employed, 3-D spatio-temporal simulations show that the space-only, continuous-wave predictions predict qualitatively well the actual light evolution. However, the numerical investigations reveal that with too short pulses group-velocity mismatch may produce large departures from the ideal soliton features, and even prevent soliton formation near phase matching. For example, in the case of SHG in LN pumped at wavelengths around 1550 nm, while with 30-ps pulses the reduced space-only model accurately predicts the actual evolution, with pump pulses a few picoseconds long, Carrasco et al. showed that spatial trapping occurs only for large wave vector mismatches [42] . This prediction has been confirmed experimentally recently by Pioger et al. in SHG pumped with 4-ps pulses at 1548 nm, launched in a 6-cm-long planar waveguide fabricated by Ti : indiffusion in a Z-cut periodically poled LN crystal [43] . The signature of the spatial beam narrowing at the peak power regime suitable for soliton generation is shown in Fig. 8 , which corresponds to . No trapping was observed near phase matching, in agreement with the theoretical predictions by Carrasco et al. A related effect was employed recently by Simos et al. to demonstrate the use of spatial soliton generation for performing a temporal reshaping of laser pulses [44] . These authors aimed at the compression of high-energy pulses, along a similar line investigated by Liu et al. using cascading [45] , but now employing spatial soliton generation together with spatial filtering. By means of spatial soliton generation combined with a spatial filtering of the output beam, pulses can be cleaned up from pedestal of low intensity and may be shortened in time. Such type of processing is interesting for high-bit-rate optical communication links where it could achieve all-optical reshaping of distorted pulses at very high speeds (100 Gbits/s). Fig. 9 shows the reshaping of the pulses measured after nonlinear propagation and filtering of the soliton part, in comparison with the free-propagation autocorrelation trace.
Many of the basic features of soliton excitation in geometries where the crystal anisotropy plays a significant role were demonstrated in the last few years and are well understood today. For example, Torruellas et al. showed experimentally in early experiments in SHG in bulk KTP that the beam locking associated to the excitation of walking solitons could be employed to implement all-optical switching functions [46] , and Schiek et al. conducted experiments of temperature-tuning SHG in LN planar waveguides to observe directly the dependence of the transverse velocity of one-dimensional walking solitons as a function of the wave vector mismatch, hence the soliton energy sharing between the fundamental frequency and second-harmonic beams [47] .
However, new concepts and schemes that exploit the crystal anisotropy in novel ways have recently revealed beautiful surprises. For example, Couderc et al. recently explored soliton generation under conditions of collinear type-II phase matching, where two fundamental frequency waves interact with their second harmonic, but under conditions of noncollinear pump beams, where the two pump beams are launched at the plane orthogonal to the phase-matching plane [48] . Experiments were conducted in KTP and the off-plane angular separation between the two input pump beams was about one degree. Fuerst et al. predicted a few years ago that in such scheme, under collinear pumping soliton generation is accompanied by amplification of the input power imbalance between the two fundamental beams [49] . Now, Couderc et al. discovered that under noncollinear pumping, identical input signals either generate a single soliton or self-split into two solitons, depending on the sign of the existing phase mismatch. They also found that at phase matching, the number and location of the excited solitons can be controlled by varying the input imbalance. New important anisotropy-induced possibilities have been also discovered recently by Polyakov et al., whose observation of multiple soliton generation in a potassium niobate crystal cut for noncritical phase matching at 983 nm at room temperature, was attributed to the presence of spatial anisotropic diffraction [50] , [51] , assuming perfect symmetry of the input beams. Such anisotropic diffraction is linked to the longitudinal components of the electric field of the propagating light beams, and thus constitutes a significant step forward the common description of the wave evolution in quadratic crystals.
Light guiding light induced by quadratic solitons was investigated by Kivshar et al. in a scheme called multiple-step cascading [52] . Trapping of a weak probe through coupling with a quadratic soliton has been demonstrated recently by Couderc et al. in a related yet simpler system [53] , which consisted of a weak field that is spatially and temporally superimposed to a strong input field at the fundamental frequency. Both fields were launched in a 2-cm KTP crystal cut for SHG at 1064 nm. In this scheme, a single phase-matching condition has to be fulfilled and a single quadratic nonlinear coefficient is involved. It was demonstrated experimentally that a weak beam can be guided by a quadratic soliton provided that the beam is slightly detuned in frequency from the soliton low-frequency component . The scheme is a new opportunity for the processing of low-level signals thanks to their coupling with more powerful quadratic solitary waves. Fig. 10 illustrates the salient point of the observations.
Complex patterns of solitons can be used to demonstrate the proof-of-principle of potential future parallel signal processing or contrast-enhanced imaging devices. A beautiful example was demonstrated recently by Minardi et al., who employed a fractional Talbot effect to shift by half of its transverse period a whole 2-D patterns of beams [54] . The experiments were performed with 1-ps pulses in a 2.2-cm-long lithium triborate crystal cut for SHG at 1055 nm, and the input pattern consisting of about one thousand beams was produced by passing the pump beam through a microlenses array. The system was operated under conditions of optical parametric amplification with input pump peak powers where solitons are excited when the process is seeded by a temporally overlapped pulse. Thus, the spatial shift of the light pattern can be controlled, e.g., by switching on and off the seed pulse. The half-period shift of the pattern induced by the generation of matrices of solitons that was observed is shown in Fig. 11 .
V. CONCLUDING REMARKS
After several years of intense research pursued by different groups around the world, the basic properties of quadratic solitons are reasonably well-known today. However, many challenges still lay ahead. For example, the unique opportunities offered by quasiphase-matching engineering to control the solitons properties are awaiting experimental demonstration and exploitation. This area includes not only simple periodically poled structures, but also complex nonlinear photonic crystals (see [55] - [57] and references therein).
Elucidation of suitable settings that allow the experimental generation of gap, and stabilized dark and vortex solitons of different sorts, and the experimental implementation of competing nonlinearities are important lines that remain open. The possibility to experimentally generate competing nonlinearities might open the door to fascinating possibilities, such as the generation of stable fully-3-D spinning solitons [58] , or the formation of robust metastable soliton clusters [59] .
The formation of quadratic discrete solitons, and hence the exploitation of their potential to the investigation of the concept of diffraction management [60] , [61] to the exploration of discrete features in soliton systems, and to the implementation of all-optical switching and routing operations in waveguide arrays [62] - [64] is a fascinating avenue that is under current experimental investigation in the framework of the ROSA Project funded by the European Union.
The formation of fully self-confined light packets, or light bullets, constitutes one of the fascinating frontiers that dates back to the early days of nonlinear optics, and that remains open. The known theoretical existence of stable 3-D quadratic solitons constitutes an important milestone along this path [65] - [68] . Novel engineered tandem material structures [69] and pumping techniques are currently investigated today with such goal in mind. The so-called X-pulse techniques, pioneered in this context by Di Trapani, Trillo, and coworkers constitutes an important spin-off of this program [33] , [34] , which might find wide applications in several areas of nonlinear optics.
Quadratic solitons form not only by the parametric mixing of optical waves. They also form when one of the signals belongs to the microwave or terahertz frequency band, and when optical signals interact with static fields through optical rectification [70] - [73] . Soliton formation under such conditions in real systems, and its actual implications are little understood today. Deeper exploration of this area is likely to introduce important new concepts and opportunities. For example, Torres et al. have predicted recently that cascaded optical rectification in the framework of the full local-field equations can be employed to generate different nonlinear contributions [74] . Thus, for example, acting on the shape and polarization of the pump light beam and on the geometric arrangement of the nonlinear crystal allows tuning the sign, the strength, and the type of the induced nonlinearities, opening the door to the exploration of a variety of tunable self-and cross-phase modulations.
Last, but not least, the concepts explored with quadratic solitons are expected to have important implications to other branches of nonlinear science and engineering. For example, Bose-Einstein condensates provide the matter analogy to laser light, and the nonlinear interactions in the BEC provide the atomic analogy to nonlinear optics. The exploration of atomic-molecular coherent mixing in BEC have already been suggested and explored theoretically (see [75] - [79] and references therein) and experimentally (see [80] , [81] and references therein). The experimental confirmation of such prospects will yield a fascinating new playground for quadratic solitons.
